A numerical model was developed for simulating the formation of U-shaped glacial valleys by coupling a two-dimensional ice flow model with an erosion model for a transverse cross section. The erosion model assumes that the erosion rate varies quadratically with sliding speed. We compare the two-dimensional model with a simple shallow-ice approximation model and show the differences in the evolution of a pre-glacial V-shaped valley profile using the two models. We determine the specific role of the lateral shear stresses acting on the glacier side walls in the formation of glacial valleys. By comparing the model results with field data, we find that Ushaped valleys can be formed within 50 ka. A shortcoming of the model is that it primarily simulates the formation of glacial valleys by deepening, whereas observed valleys apparently have formed mainly by widening.
Introduction
Despite the fact that U-shaped valleys are characteristic products of alpine glaciation, the interaction of ice flow and glacial erosion which creates such well-known glacial forms has not been widely studied. Empirical studies have established the general concept that many glaciated valleys have approximately parabolic (U-shaped) cross sections (Graf, 1970; Doornkamp and King, 1971; Girard, 1976; Aniya and Welch, 1981) . Both the development of numerical ice-flow models (Reynaud, 1973; Budd and Jensen, 1975; Mahaffy, 1976; Hook and others, 1979; Iken, 1981; Bindschadler 1982; Oerlemans, 1984) and the theoretical and empirical work in geomorphology (Hallet, 1979 (Hallet, , 1981 Shoemaker, 1988 , Iverson, 1990 , 1991 have improved the capability to simulate the characteristics of glacier motion and the understanding of glacial erosion processes at small scales.
While previous valley evolution studies from Harbor (1990 Harbor ( , 1992 Harbor ( , 1995 and MacGregor and others (2000) have provided a better geomorphological understanding of glacial valley formation, little has been done to investigate the glaciological processes involved in their formation. The glacial cross section evolution model used by Harbor (1990 Harbor ( , 1992 successfully simulated a proper erosion pattern (central minimum in the basal sliding velocity) for the U-shaped channel development by assuming a quadratic function of the sliding velocity for the erosion law, and it has identified the drag process associated with it. However, Harbor (1990 Harbor ( , 1992 provided little information on the computation of the basal shear stress, which is required for successful erosion modeling. In particular, the detailed stress conditions required for the development of a U-shaped valley have not been described. Our work is complementary to the Harbor study and describes how the lateral shear stress affects the development of glacial valleys.
In this paper, we present the details of the two-dimensional flow pattern computation and its coupling with the subglacial erosion model. The study focuses in particular on the investigation of the influence of the lateral shear stress component on the formation of a U-shaped valley. For this purpose, the two-dimensional model is compared with a simple shallow-ice model in order to highlight the glacier stress conditions favorable to the formation of U-shaped valleys. Moreover, an attempt is made to constrain the basal sliding parameter by comparing the model results with glacial valley field data.
Methods
We developed a two-dimensional ice flow model in a transverse section and coupled it to an erosion model. The flow model solves the velocity field in a transverse cross section of a glacier assuming a uniform geometry along the glacier. We used a Cartesian coordinate with the x-axis along the glacier, y across the glacier, and z perpendicular to the x-y plane pointing upward (Fig. 1a) . The stress components are τ xx , τ yy , τ zz , τ xy , τ xz , τ yz . All elements move along lines parallel to the x-axis, so that the only velocity component is u. We are interested in how u varies with y and z and so assume that it does not depend on x. These assumptions imply that the strain ratesε x ,ε y ,ε z ,ε yz are all zero. It follows that the stress-deviator components τ
yz are all zero, and the equilibrium equation for the momentum balance of the ice in the x direction is (Nye, 1965) ∂τ xy ∂y
where τ xy and τ xz are the shear stresses, ρ is the density of ice, g the acceleration due to gravity, and α the inclination angle of the glacier surface (Fig. 1b) . The z-component of the momentum balance yields a hydrostatic distribution of the pressure p. Glacial flow is treated as a non-Newtonian fluid, and Glen's flow law is used as a constitutive relation with the viscosity µ, so that
Equation (2) can be written as
The term F is the fluidity (here defined as one half of the inverse viscosity), which can be factorized as
where τ e is the effective stress, and the rate factor A and the flow-law exponent n are material parameters. We used the common values of n = 3 and A = 214 MPa −3 a −1 (Paterson, 1994) . The quantity τ 0 is introduced to avoid the mathematical singularity caused by an infinite viscosity when stresses approach zero (Blatter, 1995) . The boundary condition on the free surface (z = S) consists of vanishing pressure and shear traction,
At the glacier base (z = B(y)), we introduce the basal sliding by linearly relating the sliding speed u b to the shear stress acting on the bed τ b (Weertman, 1964; Lliboutry, 1968 Lliboutry, , 1979 ,
and
where c = 50 m a −1 MPa −1 is our standard value of the sliding coefficient, which is constant across the glacier bed and has been chosen to obtain values for sliding velocity that allow for glacial erosion. The flow speed at the side margins is constrained to be zero. The ice flow model was coupled with an erosion model by introducing a quadratic function of the sliding speed for the calculation of the erosion rate. Although the complex nature of the glacial erosion has not allowed the development of physically complete models for processes such as glacial abrasion, plucking, subglacial fluvial erosion, and chemical dissolution by subglacial water, this assumption for the erosion law represents the general form of the abrasion law proposed by Hallet (1979) . Therefore, in the simulation described here, erosion rate normal to the bedrock surface was calculated as
where C is an erosion constant equal to 10 −4 a m −1 (Harbor, 1992; MacGregor and others, 2000) .
Numerical procedure
We prescribe a V-shaped cross section with maximum ice thickness of 480 m, surface width of 1200 m, and downglacier slope of 4
• (Fig. 2a) as the initial glacier and valley geometries. We employ a two-dimensional finite-difference grid with 34 × 35 points to solve Eq. (1) for the flow speed within this cross section. The model solves a set of finite-difference equations with the LU factorization method assuming that the fluidity is constant and that the sliding speed is zero. To solve numerically Eq. (4) for the fluidity, a NewtonRaphson scheme is employed, and the computed velocity field is used so that the new values of the fluidity are utilized in the next iteration step. The velocity field is also utilized to compute the stress field with Eq. (3) to introduce sliding speed in the next step using Eq. (6). The computation is iterated until the velocity field converges within 2 × 10 −4 m a −1 . Coupling the ice-flow model and the erosion model allows for investigating the temporal evolution of glacial valleys. For the first time step, the above procedures are used to calculate a flow pattern for the initial V-shaped valley. With the calculated basal sliding speeds, Eq. (8) is used to compute the pattern of erosion rate across the profile. Then the new coordinates for the glacier and the valley cross section are calculated and used for the next time step. The ice surface elevation is recalculated for each time-step by assuming a constant cross-sectional ice area. Consequently, in order to exclude ice-free points in the valley profile that emerge during the simulation due to the lowering of the ice surface, we allow the horizontal grid to shrink when the new finite-difference grid is regenerated for the new cross section. These procedures are repeated for a given number of time steps.
For all simulations carried out in this study, the simulation time scale is 50 ka with a time step of 1 ka, and it is assumed that there is no climate forcing that constrains the growth or the decline of the glacier.
Results and discussion

Full two-dimensional model vs. shallow-ice model
As stated in the introduction, the first motivation of this work is to investigate the glaciological conditions favorable to the development of U-shaped valleys. We are interested in the investigation of the stress conditions that are required for the development of glacial valleys, and more precisely for the gradual transformation of the V-shaped pre-glacial valley to a U-shaped profile.
Figures 2a and 2b show the two-dimensional velocity field computed with the model described in Sect. 2 and the cross-sectional sliding velocities and erosion rates (for the initial V-shaped valley). Characteristic features of the sliding velocity and the erosion rate are the increase toward the interior of the glacier, but with local minima at the center of the cross profile. The increase of drag (whose origin is discussed later in this section) associated with the tight form at the center of the V-shaped valley reduces velocities there (Fig. 2b) , resulting in a central minimum of the erosion (required to convert a V-shaped valley to a U-shaped channel). Figures 2a-l show the complete development sequence of a pre-glacial V-shaped valley to a recognizable U-shaped profile over 50 ka, and the associated sliding velocities and erosion rates every 10 ka. The model predicts the evolution of the V-shaped profile into a recognizable glacial form with sliding velocities ranging from 6 m a −1 to 7 m a −1 , and for the last time-step, the model could simulate the formation of a deep and well-defined U-shaped valley (Fig. 2k) .
Although the time scale is sensitively dependent on the value of the erosion constant in the erosion law, the model suggests that a glacial valley can be developed after 50 ka or during a single glaciation under the condition of realistic sliding speed. This observation agrees with previous results from Harbor (1992) . As the valley is progressively transformed into a U-shaped form, the central minima in velocity and erosion rates gradually decrease and practically disappear during the last time-step (Fig. 2l ).
For comparison with the full two-dimensional model, we now run a shallow-ice model that does not compute the lateral shear stress. The shallow-ice model only computes the shear stress parallel to the bed, therefore omitting the first term in Eq. (1), and by integration of the simplified equation, the basal shear stress is
where H is the ice thickness. We run the shallow-ice model with the same simulation procedure and initial setting as the full two-dimensional model. As shown in Fig. 3b , the pattern of the sliding velocity for the initial V-shaped profile is directly proportional to the ice thickness. Due to the nature of the erosion law, erosion values follow the same pattern. This pattern of erosion was applied to the initial V-shaped valley and Fig. 3c shows the glacial valley eroded during 50 ka. As observed, the valley shape remains similar to a V-shaped profile, characterized by a deep and narrow channel at the valley center. Clearly the ice thickness dependent basal shear stress in the shallow ice model results in higher velocities and erosions rates at the valley center because this stress configuration ignores the side walls effect on the ice flow and therefore prevents the development of a U-shaped profile. Harbor (1992) and our full two-dimensional model have clearly identified the friction effect that decreases the sliding velocity at the center of the V-shaped profile. In glaciological terms, the minimum basal velocity at the valley center is the consequence of the high drag between the narrow side walls, which reduces the deformation by shear at this location. The associated minimum erosion at the profile center leads to the gradual transformation of the V-shaped profile into a U-shaped form, the maximum of erosion being transferred closer to the valley margins. This process allows the profile to widen toward a glacial valley shape. In the case of the shallow-ice model, such a process did not appear (Fig. 3d ) and the resulting eroded valley still exhibits a V-shaped form.
The shallow-ice model allows us to compare the results computed with the full twodimensional flow model in order to identify the primary factor of the drag effect described by Harbor (1990 Harbor ( , 1992 . This comparison shows clearly the importance of the lateral shear from the side walls, i.e., τ xy , for the modeling of glacial erosion in a valley cross section. Ultimately, inclusion of both shear stress components τ xy and τ xz is necessary to obtain the sliding velocity pattern required for U-shaped valley formation.
Comparison with field data
Together with our motivation for the investigation of the stress conditions for glacial valley development, comparison with field data is needed for model validation. To describe the differences in morphology between valley profiles and in many glacial valley studies (Svensson, 1959; Harbor, 1992; Hirano and Aniya, 1988) , it has been common to use a power law equation as a mathematical function to represent the glacial trough cross-profile. The power law function is written as
where y and z are the horizontal and vertical distances from the lowest point of the cross section, and a and b are constants. The value b is commonly used as an index of the steepness of the valley side, and a a measure of the breadth of the valley floor. Previous studies suggested that the valley morphology progressively approaches a true parabolic form with increasing glacial erosion, and that stage of valley evolution can thus be measured by the proximity of b to 2 (Svensonn, 1959; Graf, 1970; Hirano and Aniya, 1988) . For further comparison, we also use a form ratio FR, calculated by
where D is the valley depth and W is the valley top width. A large value of FR depicts then an overdeepening development of the glacial valley. Only a few data describing present glacial valley shapes are available, and studies that try to determine the time scale for their formation by field measurements and profile reconstruction are still lacking. Consequently, our comparison will focus on investigating the shape of the glacial valley computed by the model and the shape measured in natural valleys. This is particularly useful in order to examine the sliding velocity values required to obtain a profile shape closed to the measured one. For our comparison work, we use the field measurements obtained by Yingkui and others (2001) in the Tian Shan Mountains, because they provide a rich set of form coefficient values calculated for several measured profiles. As described in their study, the morphological characteristics of glacial valley cross sections in the middle and western Tian Shan Mountains is represented by large variations of power law coefficients. Values of b in these areas range from 1.027 to 3.503, with most values in range 1.3-2.5. The average FR values of tributaries are commonly larger than those for the main valleys in these areas.
For our comparison study, our focus is the calculation of the exponent b and the form ratio FR values for the valley profile computed by the model, therefore the calculation of the value of a in Eq. (10) is ignored. We run the model with several values of the sliding coefficient c (from 10 to 50 m a −1 MPa −1 ) used in the sliding law [Eq. (6)], in order to constrain the glacier sliding velocity. To ensure the convergence of the velocity field during the computation, we use several grid resolutions ranging from 34 × 35 to 94 × 95 points. Figure 4a shows the comparison between the b values provided by Yingkui and others (2001) for 48 profiles and those calculated with the computed profiles using different sliding coefficients, i.e., different sliding velocity conditions. As observed, the b values for the profiles computed by the model range from 1.13 to 2.05, and therefore they generally fit to the distribution of values observed by Yingkui and others (2001) where most values range from 1.3 to 2.5. More interestingly, the b values from the model results that fit most the general trend of the observed distribution are those where the sliding coefficient values are between 30 and 50 m a −1 MPa −1 . Consequently, a glacier with sliding velocities greater than 3-4 m a −1 would already be able to form a glacial valley shape similar to some observed valley profiles. Moreover, as it is usually assumed that a value of 2 for the exponent b indicates a valley evolution that has reached a U-shape form, the model suggests that such form is obtained with sliding velocities greater than 6 m a −1 . As mentioned earlier, all the simulations have been run within 50 ka because 50 ka is a reasonable time-scale for the formation of the Tian Shan Mountains valleys during the last glacial period, even though the study by Yingkui and others (2001) did not provide a direct confirmation of this time scale. In that sense, our model results show that the formation within 50 ka of glacial valleys similar in shape to the Tian Shan mountains valleys is possible. The comparison of the form ratio values obtained with the profiles computed by the model and those provided by field measurements is shown in Fig. 4b . We can clearly see that the general distribution trend of the form ratios between the model results and the measured profiles are significantly different. While the maximum values of FR provided by field data are close to 0.3, the results obtained by the model gives higher values ranging from 0.40 to 0.53. This is an important divergence of the models results from field data, as it indicates that the computed profile develops essentially by deepening without widening as opposed to the widening without deepening trend observed in the measured valleys. Better description of the development process of glaciated valley morphology can be addressed by describing the relationship between b values and form ratios within a 'b-FR diagram'. Hirano and Aniya (1988) (Hirano and Aniya, 1988) are plotted for comparison.
the Patagonia-Antarctica model, whereas the model results show the similar trend of the Rocky Mountain model (Fig. 5) . The difference in the glacial valley development processes usually reflects the difference in the initial V-shape of the valley, the initial relief, the ice thickness, the lithology and structure of the local rock and the glacial history. Although the V-shaped valley used as initial condition in the simulation could also explain why the computed profile only develops by deepening, the sliding velocity based erosion law is the main reason of this deepening. With increasing values of ice thickness, sliding velocities are higher and the erosion tends to be more important near the valley center, so that the valley deepening is faster than the widening. Consequently, as our model is not able to simulate the primary widening process observed in some glacial valleys, future investigations of glacial valley development modeling should focus on improving the erosion law. However, a sliding velocity based erosion model seems to be successful to simulate the Rocky Mountain model for the development process of glaciated valley morphology identified by Hirano and Aniya (1988) . Running the model with a constant ice surface altitude and increasing ice volume gives the same pattern of valley development as previously described, i.e., development by deepening.
In order to investigate the possible influence of the sliding law in the erosion and in the development of glacial valleys, an alternative sliding law to the one described in Eq. (6) may be considered. For this purpose we use a sliding law which is also dependent on the effective pressure, so that the basal sliding is related to the basal shear stress τ b and the effective pressure N by (Paterson, 1994) where k is the sliding coefficient which is constant across the glacier bed, and p and q are constants equal to 3 and 2, respectively. The value of k is chosen in order to obtain sliding velocities in the range of those obtained in Fig. 2l . The effective pressure is defined by the ice overburden pressure p i and the water pressure p w as N = p i − p w . We neglect the water layer, so that the effective pressure reduces to the ice overburden pressure. Figure 6 shows the developed glacial valley and the corresponding sliding velocities and erosion rates. Compared with Fig. 2l , the developed profile exhibits similar U-shaped topography, however calculated velocity and erosion values minima at the valley center have totally disappeared, suggesting that the U-shaped is more pronounced. This is confirmed by the b value (2.19), which is slightly higher than previously obtained in Fig. 4a (2.05 for c = 50 m a −1 MPa −1 ). The FR value (0.5) is in the same range as in Fig. 4b (0.53) . Therefore, the change in the sliding velocity law does not affect significantly the overall results presented in this paper.
Conclusion
This work presented a two-dimensional flow model of a glacier in a valley cross section, which has been coupled with an erosion law for the study of glacial valleys development. The model has successfully described the stress conditions inside the glacier required for the development of the glacial valley. Comparison with a shallow-ice model showed the importance of the lateral shear stress (lateral drag) in order to obtain the proper pattern of the sliding velocity and the erosion in the initial V-shaped valley for the development of the U-shaped profile.
Comparison with field data obtained in the Tian Shan Mountains allowed for constraining the value of the sliding coefficient in the basal sliding law so that such forms, i.e., U-shaped profiles, could be obtained within 50 ka. However, the process of formation of the Tian Shan Mountains valleys could not be simulated with our model. Notably, different values for the form ratio compared with the measured valleys showed that the development of glacial valleys simulated with a sliding velocity based erosion law occurs by a deepening without widening process (Rocky Mountain model). However, the measured valleys have developed with a widening without deepening process (Patagonia-Antarctica model), which our model was not able to simulate due to the way the erosion law was defined.
Future improvements of the valley evolution model should focus on more comparisons with field data and on the enhancement of the erosion law. Improving the simulation of the erosion occurring at the valley margins should provide a better way to simulate valleys that correspond to the Patagonia-Antarctica model. Further, a three-dimensional model would certainly provide a better understanding of the evolution of the glacial valley cross section together with the evolution of the longitudinal profile.
